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ABSTRACT 

A s t r u c t u r a l  loads  a n a l y s i s  of a r o t a t i n g  s p a c e c r a f t  
w i t h  appendages must cons ider  t h e  moments a c t i n g  a t  t h e  j o i n t s  
which connect  these appendages t o  t h e  main body of t h e  space- 
c r a f t .  I f  a l i n e  drawn through an appendage's mass c e n t e r  and 
i t s  j o i n t  does n o t  i n t e r s e c t  t h e  a x i s  of r o t a t i o n  perpendicu- 
l a r l y ,  t h e  j o i n t  must apply a moment t o  maintain t h e  r e l a t i v e  
p o s i t i o n  of t h e  appendage's c e n t e r  of mass. I f  t h e  a x i s  of 
r o t a t i o n  i s  n o t  p a r a l l e l  t o  one of t h e  p r i n c i p a l  axes  of t h e  
appendage, t h e  j o i n t  must apply an a d d i t i o n a l  moment t o  main- 
t a i n  t h e  misal igned a t t i t u d e .  This  a d d i t i o n a l  moment component 
i s  c a l l e d  t h e  Euler  moment. T h e  exac t  express ion  f o r  the t o t a l  
moment i s  presented  here  and two examples are i n v e s t i g a t e d .  
For a t y p i c a l  Skylab s o l a r  a r r a y ,  t h e  c o n t r i b u t i o n  of t h e  Euler  
moment t o  t h e  t o t a l  could be s i g n i f i c a n t .  The d e f l e c t i o n s  i n  a 
t h i n  rod  r e s u l t i n g  from t h e  Euler  moment r e v e a l  t h a t  s c i e n t i f i c  
i n s t rumen t s  which r e q u i r e  p r e c i s e  alignments could be adverse ly  
a f f e c t e d  by t h i s  moment. 
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INTRODUCTION 

I n  an elementary s t r u c t u r a l  loads  a n a l y s i s  of  a r o t a t i n g  
s p a c e c r a f t  w i th  appendages t h e  on ly  moment considered i s  propor- 
t i o n a l  t o  t h e  mass of t h e  appendage t i m e s  t h e  a c c e l e r a t i o n  of i t s  
c e n t e r  of m a s s .  This moment i s  r e q u i r e d  t o  main ta in  t h e  p o s i t i o n  
of t h e  appendage's m a s s  c en te r  r e l a t i v e  t o  t h e  s p a c e c r a f t  c e n t e r  
of m a s s  and i s  h e r e i n  c a l l e d  t h e  c e n t r i f u g a l  moment. 

However, E u l e r ' s  equat ions  f o r  s t eady ,  t o rque - f r ee  rota- 
t i o n  of a r i g i d  body show t h a t  t h e  angular v e l o c i t y  v e c t o r  must be 
p a r a l l e l  t o  a p r i n c i p a l  a x i s  of t h e  body. So, i f  t h e  angu la r  ve l -  
o c i t y  vec to r  of  t h e  s p a c e c r a f t  (and t h e  appendage) i s  n o t  p a r a l l e l  
t o  a p r i n c i p a l  a x i s  of  t h e  appendage, an a d d i t i o n a l  moment i s  re- 
qu i r ed  t o  s a t i s f y  E u l e r ' s  equat ions .  This moment i s  c a l l e d  t h e  
Euler  moment. I ts  s i g n i f i c a n c e  i s  i n v e s t i g a t e d  i n  t h i s  memorandum. 

CENTRIFUGAL &. EULER MOMENTS 

F igure  1 shows a model of a s p a c e c r a f t  composed of a 
c e n t r a l  body and a r i g i d  appendage connected t o  it a t  a s i n g l e  
j o i n t .  
t h e  f o r c e  a c t i n g  through t h e  j o i n t  i s  

I f  t h e  v e h i c l e  i s  r o t a t i n g  wi th  c o n s t a n t  angu la r  v e l o c i t y ,  

F = m w x  ( o x r  - - - -CM) 

where 
m - t h e  mass of t h e  appendage 

o - t h e  angular  v e l o c i t y  of t h e  vehicle r e f e r e n c e  

reference f rame  
.. z; -.2 L 1 -  .____ frame iii, 1, W L L I l  respect tz, an inertial 

YCM ZcM) t h e  p o s i t i o n  v e c t o r  of t h e  (xCM' 
c e n t e r  of mass of t h e  appendage i n  v e h i c l e  
coord ina tes  
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The c e n t r i f u g a l  moment ac t ing  a t  t h e  j o i n t  i s  

where 

= (XJ ,  YJ ,  Z ) t h e  p o s i t i o n  v e c t o r  of t h e  j o i n t  of t h e  

appendage i n  vehicle coord ina te s  
5 

I f  t h e  angu la r  v e l o c i t y  v e c t o r  i s  n o t  a l i g n e d  wi th  a 
p r i n c i p a l  a x i s  of t h e  appendage, then t h e  Euler  moment a c t i n g  a t  
t h e  j o i n t  i s  

M = w x I w  - -E - 

where I i s  t h e  i n e r t i a  mat r ix  cf t h e  appendaqe about i t s  c e n t e r  of 
mass. The t o t a l  moment a c t i n g  a t  t h e  j o i n t  i s  

A l i p i n g  t h e  cocrZina te  axes x 17 z nf t h e  appendage w i t h  t h e  v e h i c l e  
axes  X Y Z so t h a t  M and u have i d e n t i c a l  components i n  e i t h e r  sys-  
t e m ,  w e  may w r i t e  o d  t h e  x- component of moment a t  t h e  j o i n t  as 

7 7 

+ m(ZJ-ZCM)  [ u  w XCM + w w 
X Y  y z 'CM 

+ w w  (Izz-I ) *  - w w I + ( w y  - w z  ) Iyz 
+ wxwy I X Z  x z xy Y Z  

2 2  
YY 

This expressicr? is m e r e  r i g n r n i ~ s l y  developed i n  t h e  appendix. 

SKYLAB SOLAR ARRAY 

A t y p i c a l  Skylab s o l a r  a r r a y  w a s  chosen as a s p e c i f i c  ex- 
ample. The p r i n c i p a l  axes  x y z of t h e  s o l a r  a r r a y  are assumed p a r a l -  
l e l  t o  t h e  s p a c e c r a f t  X Y Z axes. For a conf igu ra t ion  wi thout  t h e  ATM, 
t h e  Workshop i s  n e a r l y  symmetric about  t h e  X-axis and t h e  so l a r  a r r a y s  
are symmetr ical ly  o f f s e t  from t h e  Y ax is .  The a x i s  o f  maximum p r i n c i -  
p a l  moment of i n e r t i a  of t h i s  conf igu ra t ion  i s  assumed t o  l i e  i n  t h e  
Y - Z  p l ane  a t  an angle  e from t h e  v e h i c l e  Z a x i s .  For s t a b l e  r o t a t i o n ,  
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t h e  angu la r  v e l o c i t y  vector l i e s  on t h e  a x i s  of maximum moment of 
i n e r t i a  and may be w r i t t e n  

w = w ( 0 ,  s i n e ,  cose) rad /sec  - 
where w i s  t h e  ra te  of r o t a t i o n .  The only component of Eu le r  moment 
which e x i s t s  i s  t h e  X-component. The Euler  and c e n t r i f u g a l  X-compon- 
e n t s  of moment w e r e  s t u d i e d  as f u n c t i o n s  of 0 .  The r e s u l t s  show 
t h a t  as 0 v a r i e s  from 0' t o  45 ' ,  t h e  Euler  moment MEX c o n t r i b u t e s  
15-18% of t h e  t o t a l  moment. 

DEFLECTIONS OF A T H I N  ROD 

F igu re  2a shows a long, s l e n d e r  rod of mass m simply sup- 
p o r t e d  a t  p o i n t s  A and B i n  a p lane  p a r a l l e l  t o  t h e  X-Z p lane.  The  
a x i s  of t h e  rod l ies  a t  an angle of 45' from t h e  angular  v e l o c i t y  
vec to r .  The p r o j e c t i o n s  of t h e  d e f l e c t e d  rod on t h e  X-Y and X-Z 
p lanes  a r e  shown i n  F igures  2b, 2c .  The d e f l e c t i o n  i n  F igure  2b i s  
t h e  r e s u l t  of t h e  f o r c e  i n  t h e  Y d i r e c t i o n ,  whi le  t h e  unusual de f l ec -  
t i o n  i n  F igure  2 c  i s  a s s o c i a t e d  w i t h  t h e  Euler  moment. Depending on 
t h e  o r i e n t a t i o n  of t h e  rod, t h e s e  t w o  d e f l e c t e d  shapes may be separa-  
t ed ,  as shown, or they may be superimposed on each o t h e r .  

CONCLUSIONS 

The Euler  moments i n  a r o t a t i n g  v e h i c l e  may prove t o  be 
s i g n i f i c a n t  and should be considered i n  t h e  a n a l y s i s  o r  des ign  of  t h e  
v e h i c l e  and i t s  components. T h i s  moment can a l so  cause unusual de- 
f l e c t i o n s  i n  components depending on t h e  o r i e n t a t i o n  of t h e  component 
i n  t h e  v e h i c l e .  Therefore  t h e  des ign  of any s c i e n t i f i c  ins t rument  
r e q u i r i n g  p r e c i s e  t o l e r a n c e s  should cons ider  t h i s  moment i f  t h e  i n -  
s t rument  i s  t o  be i n s t a l l e d  on a r o t a t i n g  veh ic l e .  

1 0  2 2- LEV- t l a  L. E. V o e l k e r  

Attachments 
Appendix 
F igu res  1 and 2 
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A P P E N D I X  

Consider a v e h i c l e  with a s i n g l e  appendage as i n  F igu re  1 
s t e a d i l y  r o t a t i n g  about i t s  center of mass w i t h  angular  v e l o c i t y  w 
w i t h  r e s p e c t  t o  an i n e r t i a l  r e f e r e n c e  frame. The XYZ v e h i c l e  a x i s  
system i s  p a r a l l e l  t o  t h e  xyz system of  t h e  appendage. The accel- 
e r a t i o n  of any p o i n t  i n  t h e  vehicle  i s  

where r = (X, Y ,  Z) i s  t h e  p o s i t i o n  v e c t o r  from t h e  v e h i c l e  c e n t e r  
of mass. The force d i s t r i b u t i o n  i n  t h e  v e h i c l e  i s  t h e n  

where p (X, Y,  Z) i s  t h e  mass d i s t r i b u t i o n  of t h e  veh ic l e .  

The moment a t  t h e  j o i n t  of t he  appendage, which has a p o s i t i o n  v e c t o r  

r = (xJ, YJ, ZJ), i s  
-UT 

MJ J, P (5 - 5) x ( w  - x ( w  - x - r )  dV 

where V is  t h e  volume of t h e  appendage. Examining t h e  X component of 
moment only , 

' P W Y J )  [ w  0 x + w w y - (wx  * + w 2)Zl dV 
x z  Z Y  Y 

i p (Z,-Z) [ w  w x + w w z - ( w x  + w 2)Yl dV 
X Y  Z Y  z V + I  

Defining a local  p o s i t i o n  vec to r  w i t h  o r i g i n  l o c a t e d  a t  t h e  appendage's 
center  sf m ; r ~ ~  [X~.-~Y-.-,~~.,), t h e  p o s i t i o n  v e c t o r  may be r e w r i t t e n  a s  

'--cM cri. LL'I 

and t h e  x - component of moment becomes 
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P (YCM - YJ) [uxwz x + w w y - (wx + u 2, z ] d V  + Jv Z Y  Y 

2 2 P(ZJ - ZCM) [w X Y  w x + w v z  w 2 - (w, + w Z ) y 3 d V  

2 + 2 )Y,,l d V  
ZCM - (ux 2 

p 2 [w w + u w  - I, x y ‘CM Y Z  

+ W  2, z 3 dv 2 
P y [ w x w z  x + 0 Y - (wx + JV Z Y  Y 

+ w 2 )  y ]  d V  
2 

P Z [ W W  x + w w  z - ( w x  - Jv X Y  Y Z  Z 

I n  t h e  f i r s t  t w o  i n t e g r a l s ,  t h e  only v a r i a b l e  i n  t h e  
i n t e g r a n d s  i s  p (x, y,  z ) ,  t h e  m a s s  d i s t r i b u t i o n  of t h e  appendage 

p dV = m,  t h e  t o t a l  mass of t h e  appendage. By t h e  
f 

i 1, i, V 

r 
and Jv 
d e f i n i t i o n  of c e n t e r  of mass, p xdV = p y dV = p zdV = 0, 

so t h e  fol lowing f o u r  i n t e g r a l s  a r e  i d e n t i c a l l y  zero.  I n  t h e  l a s t  
t w o  i n t e g r a l s  w e  recognize t h e  fo l lowing  elements  of t h e  i n e r t i a  ma t r ix .  
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P X Z  d V  = -I xz 

= I  - I  
z z  YY 

Then t h e  complete  moment component may be w r i t t e n  a s  

MJX = m(YcM - YJ) [uxWzXcM + u z u y Y C M  - ( wx Y 

+ m(ZJ - Z c M ) [ u  u X + u w Z - 
X Y CM y z CM 

w u  + ( w  - u 2)1 + w w (Izz - I 1 .  2 
Y z Y Z  Y Z  YY - I  u w +  x y x z s z  x y  

t h e  MJY and MJZ components may be  found by c y c l i c  p e r m u t a t i o n s  o f  

X ,  Y,  Z and x, y ,  z .  
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FIGURE 2 - DEFLECTION OF A THIN ROD 
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